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OCTONIONIC BROWNIAN WINDINGS
GUNHEE CHO AND GUANG YANG
Abstract. We define and study the windings along Brownian paths in the oc-
tonionic Euclidean, projective and hyperbolic spaces which are isometric to 8-
dimensional Riemannian model spaces. In particular, the asymptotic laws of these
windings are shown to be Gaussian for the flat and spherical geometries while the
hyperbolic winding exhibits a different long time-behavior.
Contents
1. Introduction 1
2. Windings of the Brownian motion on O1 3
2.1. Winding form on O1 3
2.2. Asymptotic winding of the octonionic Brownian motion 4
3. Windings of the Brownian motion on OP 1 6
3.1. Winding form on OP 1 6
3.2. Asymptotic winding of the Brownian motion on OP 1 7
4. Windings of the Brownian motion on OH1 10
4.1. Winding form on OH1 10
4.2. Asymptotic winding of the Brownian motion on OH1 11
References 14
1. Introduction
A normed division algebra A over a real field R is a division algebra over R which
is also a normed vector space, with norm || · || satisfying
||x · y|| = ||x|| · ||y||,
for all x and y in A. The classical theorem of Hurwitz says that every normed
unit finite-dimensional algebra over R should be isomorphic to one of the algebras
R,C,Q,O, and here each of them is the real numbers, the complex numbers, the
quaternions and the octonions respectively. Hence with the norms ||·|| of those four
algebras A, one can talk about the spherical part x||x|| of the element x ∈ A \ {0}.
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With the complex field C, there are many works of literature that study the complex
Brownian motion on the complex Euclidean plane, and also on Riemann surfaces
([14]). Especially, with the punctured complex plane C\{0}, we have the nice polar
decomposition of any smooth path γ : [0,∞)→ C\{0}
γ(t) = |γ(t)| exp
(
i
ˆ
γ[0,t]
xdy − ydx
x2 + y2
)
, t ≥ 0.
Thus we call α = xdy−ydx
x2+y2
the winding form around 0 since this form provides the
angular motion of the path γ. Based on this representation, one can also take the
integral of the widning form along the paths of a Brownian motion (B(t))t≥0 that
does not started from 0 which becomes the Brownian winding functional:
ζ(t) =
ˆ
B[0,t]
α.
This functional have been studied in the literature and we refer the reader to [4,13,16],
and references therein for more details.
It seems interesting to point out that not only Brownian motion windings on the
complex projective line CP 1 satisfy Spitzers law, but also Yors methods [16] apply to
CP 1 ([4]). In particular, Yor’s approach provided an expression of the characteristic
function of the winding process, and this approach could be applied to obtain the
limiting behaviors of the winding forms on quaternionic Riemannian model spaces
([5]). In this paper, we take the octonionic normed division algebra O that provides
a way to apply Yor’s method to 8-dimensional Riemannian model spaces which are
compatible with octonionic structure. To be more precise, the goal of this paper is
to introduce the octonionic winding form in 8-dimensional Riemannian homogeneous
spaces equipped with an octonionic structure and study Brownian paths.
Our mains are the following: let ζ(t) be the octonionic Brownian winding func-
tional, then
- on O, the following convergence holds in distribution:
lim
t→∞
√
6√
log t
ζ(t) = N (0, I7),
here, the right-hand side means the normal distribution.
- on OP 1, the following convergence holds in distribution:
lim
t→∞
ζ(t)√
t
= N (0, 14
3
I7).
- on OH1, we have the following asymptotic result:
lim
t→∞E(e
iλ·ζ(t)) = (tanh(r(0)))
√
9+|λ|2−3
(
1 +
6
√
9 + |λ|2 − 18
cosh6(r(0))
A(λ)
)
,
where A(λ) is given by
cosh4(r(0))
12
+
(
√
9 + |λ|2 − 2) cosh2(r(0))
60
+
|λ|2 − 3√9 + |λ|2 + 11
720
.
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2. Windings of the Brownian motion on O1
2.1. Winding form on O1. We consider the non-associative, but alternative division
algebra of octonions which is described by
O =

x =
7∑
j=0
xjej, xj ∈ R

 ,
where the multiplication rules are given by
eiej = ej if i = 0,
eiej = ei if j = 0,
eiej = −δije0 + ǫijkek otherwise,
where δij is the Kronecker delta and ǫijk is a completely antisymmetric tensor with
value 1 when ijk = 123, 145, 176, 246, 257, 347, 365.
The octonionic norm is defined for x ∈ O by
||x||2 =
7∑
j=0
x2j .
Note that this norm agrees with the standard Euclidean norm on R8. Also, the
existence of a norm on O implies the existence of inverses for every nonzero element
of O.
The set of unit octonions is identified with the 7-dimensional unit sphere S7 ⊂ O
and we can clearly identify O with R8. Now, consider C1-path γ : [0,∞) → O\{0}
and write its polar decomposition:
γ(t) = |γ(t)|Θ(t), t ≥ 0,
with Θ(t) ∈ S7 ⊂ O. In particular, the octonionic inverse Θ(t)−1 of Θ(t) ∈ S7 ⊂ O is
also the element of S7.
Definition 1. The winding path (θ(t))t≥0 ∈ S7 along γ is defined by:
θ(t) =
ˆ t
0
Θ(s)−1dΘ(s). (2.1)
The octonionic winding form is the TpS
7-valued one form η such that
θ(t) =
ˆ
γ[0,t]
η, (2.2)
here, p is the north pole of S7.
Let us remark that the complex and the quaternionic winding forms considered in
[4, 5] rely on the Lie group structures of S1 and S3 = SU(2), particularly (2.1) could
be also written in terms of the Maurer-Cartan form, whereas S7 does not admit the
topological group structure. However, regarding S7 as a parallelizable manifold, i.e.,
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it admits the global non-vanishing vector fields, we might think η in (2.2) as a natural
generalization of previous two winding forms having Lie group structures.
Moreover, η may be precisely written in octonionic coordinates as
η =
1
2
(
xdx− dxx
|x|2
)
=
1
|x|2 Im(xdx),
where x = x0e0 −
∑7
j=1 xiei, dx =
∑7
j=0 dxiei, Im(x) is the imaginary part of x ∈ O.
With the octonionic multiplication, we also have η =
∑7
i=1 ηiei, where
η1 =
−x1dx0 + x0dx1 + x3dx2 − x2dx3 + x5dx4 − x4dx5 − x7dx6 + x6dx7
|x|2 ,
η2 =
−x2dx0 − x3dx1 + x0dx2 + x1dx3 + x6dx4 + x7dx5 − x4dx6 − x5dx7
|x|2 ,
η3 =
−x3dx0 + x2dx1 − x1dx2 + x0dx3 + x7dx4 − x6dx5 + x5dx6 − x4dx7
|x|2 ,
η4 =
−x4dx0 − x5dx1 − x6dx2 − x7dx3 + x0dx4 + x1dx5 + x2dx6 + x3dx7
|x|2 ,
η5 =
−x5dx0 + x4dx1 − x7dx2 + x6dx3 − x1dx4 + x0dx5 − x3dx6 + x2dx7
|x|2 ,
η6 =
−x6dx0 + x7dx1 + x4dx2 − x5dx3 − x2dx4 + x3dx5 + x0dx6 − x1dx7
|x|2 ,
η7 =
−x7dx0 − x6dx1 + x5dx2 + x4dx3 − x3dx4 − x2dx5 + x1dx6 + x0dx7
|x|2 .
(also see the appendix in [9]).
2.2. Asymptotic winding of the octonionic Brownian motion. We got the
following definition from the previous section:
Definition 2. The winding number of a octonionic Brownian motionW =
∑7
i=0Wiei,
not started from 0, is defined by the Stratonovitch stochastic line integral:
ζ(t) :=
ˆ
W [0,t]
η, t ≥ 0.
From a well-known consequence of the skew-product decomposition of Euclidean
Brownian motions, we have the following lemma (see [12]).
Lemma 3. Let W =
∑7
i=0Wiei be a octonionic Brownian motion not started from
0. There exists a Bessel process (R(t))t≥0 of dimension 8 (or equivalently index one)
and a S7-valued Brownian motion Θ(t)t≥0 independent from the process (R(t))t≥0
such that
W (t) = R(t)Θ(At),
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where
At :=
ˆ t
0
ds
R2(s)
.
Theorem 4. Let ζ(t) be the winding process of a Brownian motion on O1, then we
have the following asymptotic result
lim
t→∞
√
6√
log t
ζ(t) = N (0, I7),
where the limit is taken in distribution.
Proof. We provide two different proofs. The first one relies on properties of Bessel
processes in Euclidean spaces. The second one is Yor’s method.
Proof 1: By Hartman-Watson law, for |W0| = ρ we have
Eρ(e
− |λ|2
2
At | R(t) = r) =
I√
9+|λ|2(
ρr
t
)
I3(
ρr
t
)
(for example, see [15]). Now by using the density of Bessel process with index 3 and
performing change of variable r → r√
t
, it is readily checked that
Eρ(e
− |λ|2
2
At) =
e−
ρ2
2t
ρ3
ˆ ∞
0
r4e−
r2
2 t
3
2 I√
9+|λ|2(
ρr√
t
)dr.
Note that we have the following series expansion of the modified Bessel function
I√
9+|λ|2(
ρr√
t
) =
∞∑
j=0
1
Γ(1 + j +
√
9 + |λ|2)j! (
ρr
2
√
t
)2j+
√
9+|λ|2 .
To get the asymptotic behavior, one only needs to work with the first term of the
series. Performing transformation λ(t) =
√
6
log tλ, we have
lim
t→∞Eρ(e
− |λ|2
2
At) = lim
t→∞
e−
ρ2
2t
ρ3
ˆ ∞
0
e−
r2
2 r4
t
3
2
Γ(1 +
√
9 + |λ(t)|2)(
ρr
2
√
t
)2j+
√
9+|λ(t)|2dr
(2.3)
= lim
t→∞
1
6ρ3
ˆ ∞
0
t
3
2 (
ρr
2
√
t
)
√
9+|λ(t)|2e−
r2
2 r4dr
= lim
t→∞
1
48
ˆ ∞
0
(
ρr√
t
)
√
9+|λ(t)|2−3e−
r2
2 r7dr
= e−
1
2
|λ|2 .
Proof 2: First note that, 8-dimensional Bessel process solves the following sto-
chastic differential equation
dR(t) =
7
2R(t)
dt+ dBt, R(0) = ρ,
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where Bt is a real-valued standard Brownian motion. We define a local martingale
Dµt = exp
(
µ
ˆ t
0
1
R(s)
dBs − µ
2
2
ˆ t
0
1
R2(s)
ds
)
.
By Itoˆ’s formula, we have
Dµt =
(
R(t)
R(0)
)µ
exp
(
− µ
2 + 6µ
2
ˆ t
0
1
R2(s)
ds
)
.
Now we define a new probability measure
Pµ |Ft= Dµt P |Ft .
Under this new probability, R(t) is given by
dR(t) =
7 + 2µ
2R(t)
dt+ dBt, R(0) = ρ.
Let µ =
√
9 + |λ|2 − 3, then we have
Eρ(e
− |λ|2
2
At) = Eµρ
(
ρ
R(t)
)µ
.
By applying the scaling λ(t) =
√
6
log tλ and the density of R(t), one can recover (2.3),
hence the desired result.

3. Windings of the Brownian motion on OP 1
3.1. Winding form on OP 1. The unit sphere in O2 is given by
S15 = {(x, y) ∈ O2, ||(x, y)|| = 1}.
We have a Riemannian submersion π : S15 → OP 1, given by (x, y) 7→ [x : y], where
[x : y] = y−1x. Then the vertical distribution V and the horizontal distribution H of
TS15 are defined by ker dπ and the orthogonal complement of V respectively so that
TS15 = H ⊕ V. Note that π : S15 → OP 1 has totally geodesic fibers, and for each
b ∈ OP 1, the fiber π−1({b}) is isometric to S7 with the standard sphere metric gS7 .
This submersion π yields the octonionic Hopf fibration:
S7 →֒ S15 → OP 1.
(see [3]). In particular, the fiber S7, viewed as the set of unit octonions, one can take
the quotient space
S15/S7
which is the octonionic projective space OP 1. Note that OP 1 is isometric to the
8-dimensional Euclidean sphere with the radius 12 (see Theorem 3.5 in [8]).
One can parametrize OP 1 using the octonionic inhomogeneous coordinate:
w = y−1x, (x, y) ∈ S15
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with the convention 0−1x = ∞. This coordinate allows us to identify OP 1 with
the one-point compactification O ∪ {∞}. With this inhomogeneous coordinate, the
Riemannian distance from 0 is given by
r = arctan |w|. (3.1)
Let γ : [0,∞)→ OP 1\ {0,∞} be a C1-path, we have its polar decomposition:
γ(t) = |γ(t)|Θ(t),
with Θ(t) ∈ S7 and definding the winding path θ(t) ∈ TpS7 as
θ(t) =
ˆ t
0
Θ(s)−1dΘ(s),
where p is the north pole of S7.
The octonionic winding form on OP 1 is then the TpS
7-valued one-form η such that
θ(t) =
ˆ
γ[0,t]
η =
ˆ t
0
γ(s)dγ(s) − dγ(s)γ(s)
|γ(s)|2 ds, t ≥ 0.
3.2. Asymptotic winding of the Brownian motion on OP 1. Let us first con-
sider a general Riemannian manifold (Mn, g). With the geodesic polar coordinate
(r, θ1, · · · , θn−1), the Riemannian metric g is given by
g = dr2 +
∑
i,j
gijdθ
idθj.
Then the Laplace-Beltrami operator △M with this coordinate is written as
△M = ∂
2
∂r2
+
1√
det g
(
∂
∂r
√
det g
)
∂
∂r
+
1√
det g
n−1∑
i,j=1
∂
∂θi
(
gij
√
det g
∂
∂θj
)
We can decompose the Laplace-Beltrami operator as:
△M := L+△Sn−1(r),
where
L = ∂
2
∂r2
+
1√
det g
(
∂
∂r
√
det g
)
∂
∂r
,
△Sn−1(r) =
1√
det g
n−1∑
i,j=1
∂
∂θi
(
gij
√
det g
∂
∂θj
)
.
Here, Sn−1(r) is the geodesic sphere of the radius r. L is called the radial part of
the Laplace-Beltrami operator. General formulas for the radial parts of Laplacian-
Beltrami operators on rank one symmetric spaces are well-known (Chapter 3 in [6],
also p171 in [10] and [11]). Notice that as a Riemannian manifold, OP 1 is a compact
rank one symmetric space, especially it is isometric to the 8-dimensional euclidean
sphere of the sectional curvature 14 .
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Now, let (M,g) = be the 8-dimensional euclidean sphere of the sectional curvature
1
4 , then with the inhomogeneous coordinate (3.1), those operators must be written as
L = ∂
2
∂r2
+ 14 cot(2r)
∂
∂r
, (3.2)
△S7(r) =
2
sin2 2r
△S7 ,
and here △S7 is the Laplace-Beltrami operator on S7 ([1, 7, 10]).
Equivalently, △OP 1 with an inhomogeneous coordinate w ∈ O1 is given by
△OP 1 = 4(1 + |w|2)2Re
(
∂2
∂w∂w
)
− 24(1 + |w|2)Re
(
w
∂
∂w
)
,
here, with w =
∑7
i=0 xiei,
∂
∂w
=
1
2
(
∂
∂x0
e0 −
7∑
i=1
∂
∂xj
ej
)
.
In real coordinates, we have
△OP 1 = sec4 r
(
7∑
i=0
∂2
∂xi2
)
− 12 sec2 r
(
7∑
i=0
xi
∂
∂xi
)
.
Thus, the Brownian motion (w(t))t≥0 in OP
1 solves the stochastic differential equa-
tion:
dw(t) = sec2 r(t)dW (t)− 6 sec2 r(t)w(t)dt,
where tan r(t) = |w(t)| and (W (t))t≥0 is a standard Brownian motion in O. Thus we
can write the winding process as
ζ(t) =
1
2
ˆ t
0
w(s)dw(s) − dw(s)w(s)
|w(s)|2 .
or equivalently,
ζ(t) =
1
2
ˆ t
0
w(s)dW (s)− dW (s)w(s)
sin2 r(s)
.
As in the flat setting, the study of ζ makes use of the following skew-product
decomposition.
Lemma 5. Let w be a Brownian motion on OP 1 not started from 0 or ∞. Then
there exists a Jacobi process (r(t))t≥0 with generator
1
2
(
∂2
∂r2
+ 14 cot(2r)
∂
∂r
)
and a Brownian motion Θ(t) on S7 independent from the process (r(t)) such that
w(t) = tan r(t)ΘAt ,
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where
At :=
ˆ t
0
4ds
sin2(2r(s))
.
Proof. This follows from [12] and with the fact from (3.2), 12△OP 1 may be decomposed
in polar coordinates as:
1
2
(
∂2
∂r2
+ 14 cot 2r
∂
∂r
+
4
sin2 2r
△S7
)
.

Theorem 6. Let ζ(t) be the winding process of a Brownian motion on OP 1, then we
have
ζ(t)√
t
→ N (0, 14
3
I7)
in distribution as t approaches infinity.
Proof. Let λ ∈ R7. From previous lemma, we have
E(eiλ·ζ(t)) = E(e−
|λ|2
2
At) = e−2|λ|
2tE(e−2|λ|
2
´ t
0 cot
2 2r(s)ds).
Note that r(t) solves the following stochastic differential equation
r(t) = r(0) + 7
ˆ t
0
cot 2r(s)ds +Bt,
where Bt is a real-valued standard Brownian motion. We consider the following local
martingale
Dµt = exp
(
2µ
ˆ t
0
cot 2r(s)dBs − 2µ2
ˆ t
0
cot2 2r(s)ds
)
.
By Itoˆ’s formula, we have
Dµt = e
2µt(
sin 2r(t)
sin 2r(0)
)µ exp
(
− 2(µ2 + 6µ)
ˆ t
0
cot2 2r(s)ds
)
.
Set µ =
√|λ|2 + 9− 3, then by Girsanov’s theorem, we have
E(eiλ·ζ(t)) = (sin 2r(0))
√
|λ|2+9−3e−2t(|λ|
2+
√
|λ|2+9−3)Eµ(sin 2r(t)3−
√
|λ|2+9).
Thus we have
lim
t→∞E(e
iλ· ζ(t)√
t ) = e−
7
3
|λ|2 .

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4. Windings of the Brownian motion on OH1
4.1. Winding form on OH1. Similarly, the octonionic anti-de Sitter space AdS15(O)
is defined as the pseudo-hyperbolic space by:
AdS15(O) = {(x, y) ∈ O2, ||(x, y)||2O = −1},
where
||(x, y)||2O := ||x||2 − ||y||2.
The map π : AdS15(O) → OH1, given by (x, y) 7→ [x : y] = y−1x is a pseudo-
Riemannian submersion with totally geodesic fibers isometric to S7. The pseudo-
Riemannian submersion π yields the octonionic anti-de Sitter fibration
S7 →֒ AdS15(O)→ OH1.
(see [2]). The fiber S7, viewed as the set of unit octonions, one can take the quotient
space
AdS15(O)/S7
is the octonionic hyperbolic space OH1. One can parametrize OH1 using the octo-
nionic inhomogeneous coordinate:
w = y−1x, (x, y) ∈ AdS15(O),
with the convention 0−1x = ∞. This coordinate allows us to identify OH1 with
the unit open ball {w ∈ O1 : |w| < 1}. With this inhomogeneous coordinate, the
Riemannian distance from 0 is given by
tanh r = |w|. (4.1)
As a previous section, let γ : [0,∞) → OP 1\ {0,∞} be a C1-path, then we have
its polar decomposition:
γ(t) = |γ(t)|Θ(t),
with Θ(t) ∈ S7 and definding the winding path θ(t) ∈ TpS7 as
θ(t) =
ˆ t
0
Θ(s)−1dΘ(s),
where p is the north pole of S7. The octonionic winding form on OH1 is then the
TpS
7-valued one-form η such that
θ(t) :=
ˆ
w[0,t]
η =
1
2
ˆ t
0
dw(s)w(s)− dw(s)w(s)
|w(s)|2 .
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4.2. Asymptotic winding of the Brownian motion on OH1. As we did in the
previous section, the similar analogue holds for (M,g) is the 8-dimensional euclidean
unit ball as the Riemannian homogeneous space. With the inhomogeneous coordinate
(4.1), once one writes △OH1 = L+△S7(r), then those operators must be written as
L = ∂
2
∂r2
+ 14 coth(2r)
∂
∂r
,
△S7(r) =
2
sinh2 2r
△S7 ,
(for example, see [2, 7, 10]).
Equivalently, △OH1 with a coordinate w ∈ O1 is given by
△OP 1 = 4(1− |w|2)2Re
(
∂2
∂w∂w
)
+ 24(1 − |w|2)Re
(
w
∂
∂w
)
,
here, with w =
∑7
i=0 xiei,
∂
∂w
=
1
2
(
∂
∂x0
e0 −
7∑
i=1
∂
∂xj
ej
)
.
In real coordinates, we have
△OH1 = sech 4r
(
7∑
i=0
∂2
∂xi2
)
+ 12sech 2r
(
7∑
i=0
xi
∂
∂xi
)
.
Thus, the Brownian motion (w(t))t≥0 in OH
1 solves the stochastic differential
equation:
dw(t) = sech 2r(t)dW (t) + 6sech 2r(t)w(t)dt,
where tanh r(t) = |w(t)| and (W (t))t≥0 is a standard Brownian motion in O. Thus
we can write the winding process as
ζ(t) =
1
2
ˆ t
0
w(s)dw(s) − dw(s)w(s)
|w(s)|2 .
or equivalently,
ζ(t) =
1
2
ˆ t
0
w(s)dW (s)− dW (s)w(s)
sinh2 r(s)
.
As before, to study ζ, we shall make use of a skew-product decomposition.
Lemma 7. Let w be a Brownian motion on OH1 not started from 0. Then there
exists a Jacobi process (r(t))t≥0 with generator
1
2
(
∂2
∂r2
+ 14 coth(2r)
∂
∂r
)
and a Brownian motion Θ(t) on S7 independent from the process (r(t)) such that
w(t) = tan r(t)ΘAt ,
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where
At :=
ˆ t
0
4ds
sinh2(2r(s))
.
Proof. This follows from [12] and with the fact from (3.2), 12△OP 1 may be decomposed
in polar coordinates as:
1
2
(
∂2
∂r2
+ 14 coth 2r
∂
∂r
+
4
sinh2 2r
△S7
)
.

Theorem 8. For any λ ∈ R7, we have the following asymptotic result
lim
t→∞E(e
iλ·ζ(t)) = (tanh(r(0)))
√
9+|λ|2−3
(
1 +
6
√
9 + |λ|2 − 18
cosh6(r(0))
A(λ)
)
,
where A(λ) is given by
cosh4(r(0))
12
+
(
√
9 + |λ|2 − 2) cosh2(r(0))
60
+
|λ|2 − 3√9 + |λ|2 + 11
720
.
Proof. Let β be a standard Brownian motion on R7. Since ζ(t) = β´ t
0
4ds
sinh2(2r(s))
in
distribution, the characteristic function of ζ(t) is given by
E(eiλ·ζ(t)) = E(e
−|λ|2 ´ t
0
2ds
sinh2(2r(s)) ).
In order to apply Yor’s method, we introduce the following local martingale
D
(a,b)
t = exp{
ˆ t
0
a coth(r(s))+b tanh(r(s))dBs−1
2
ˆ t
0
(a coth(r(s))+b tanh(r(s)))2ds}.
By Itoˆ’s formula,
D
(a,b)
t = e
−4(a+b+ ab
4
)t
(
sinh(r(t))
sinh(r(0))
)a( cosh(r(t))
cosh(r(0))
)b
exp{−a
2 + 6a
2
ˆ t
0
coth2(r(s))ds − b
2 + 6b
2
ˆ t
0
tanh2(r(s))ds}.
Note that
1
sinh2(2r(s))
=
coth2(r(s)) + tanh2(r(s))− 2
4
.
Let aˆ, bˆ be the solution of
x2 + 6x− |λ|2 = 0.
More precisely,
aˆ = −3 +
√
9 + |λ|2 , bˆ = −3−
√
9 + |λ|2.
OCTONIONIC BROWNIAN WINDINGS 13
Then
D
(aˆ,bˆ)
t = e
24t
(
sinh(r(t))
sinh(r(0))
)−3+√9+|λ|2( cosh(r(t))
cosh(r(0))
)−3−√9+|λ|2
exp{
ˆ t
0
−2|λ|2
sinh2(2r(s))
ds}
= e24t
(
tanh(r(t))
tanh(r(0))
)−3+√9+|λ|2(cosh(r(0))
cosh(r(t))
)6
exp{
ˆ t
0
−2|λ|2
sinh2(2r(s))
ds}.
Since D
(aˆ,bˆ)
t is bounded, it is of class DL and hence a martingale. We can now define
a new probability
P(aˆ,bˆ) |Ft= D(aˆ,bˆ)t P |Ft .
By Girsanov’s theorem, we have
E(eiλ·ζ(t)) = E(aˆ,bˆ){e−24t
(
tanh(r(t))
tanh(r(0))
)3−√9+|λ|2( cosh(r(t))
cosh(r(0))
)6
}
= e−24t
(tanh(r(0)))
√
9+|λ|2−3
cosh6(r(0))
E(aˆ,bˆ)
(
cosh6(r(t))
tanh(r(t))
√
9+|λ|2−3
)
= e−24t
(tanh(r(0)))
√
9+|λ|2−3
cosh6(r(0))
E(aˆ,bˆ)
(
(1− 1
cosh2(r(t))
)−
aˆ
2 cosh6(r(t))
)
= e−24t
(tanh(r(0)))
√
9+|λ|2−3
cosh6(r(0))
∞∑
k=0
(aˆ/2)k
k!
E(aˆ,bˆ)(
1
cosh2k−6(r(t))
).
Note that the asymptotic behavior is determined by the lowest order term. Thus,
lim
t→∞E(e
iλ·ζ(t)) =
(tanh(r(0)))
√
9+|λ|2−3
cosh6(r(0))
lim
t→∞ e
−24tE(aˆ,bˆ)(cosh6(r(t))).
Under this new probability measure P(aˆ,bˆ), r(t) solves the following stochastic differ-
ential equation
r(t) = r(0) +
ˆ t
0
[
(aˆ+
7
2
) coth(r(s)) + (bˆ+
7
2
) tanh(r(s))
]
ds+ dBˆt,
where Bˆt is a standard Brownian motion under P
(aˆ,bˆ). By Itoˆ’s formula, we have
d
dt
E(aˆ,bˆ)(cosh6(r(t))) = (6aˆ+ 6bˆ+ 18)E(aˆ,bˆ)(cosh6(r(t)))− (6bˆ+ 5
2
)E(aˆ,bˆ)(cosh4(r(t)))
= 24E(aˆ,bˆ)(cosh6(r(t)))− (6bˆ+ 36)E(aˆ,bˆ)(cosh4(r(t))).
By solving this differential equation, we have
E(aˆ,bˆ)(cosh6(r(t))) = e24t
(
cosh6(r(0)) − (6bˆ+ 36)
ˆ t
0
E(aˆ,bˆ)(cosh4(r(s)))
e24s
ds
)
.
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By using a similar argument, we have
E(aˆ,bˆ)(cosh4(r(t))) = e12t
(
cosh4(r(0)) − (4bˆ+ 20)
ˆ t
0
E(aˆ,bˆ)(cosh2(r(s)))
e12s
ds
)
,
E(aˆ,bˆ)(cosh2(r(t))) = e4t
(
cosh2(r(0))− 2bˆ+ 8
4
)
+
2bˆ+ 8
4
.
Put everything together, we end up with
lim
t→∞E(e
iλ·ζ(t)) =
(tanh(r(0)))
√
9+|λ|2−3
cosh6(r(0))
(
cosh6(r(0)) + (6
√
9 + |λ|2 − 18)A(λ)
)
,
where A(λ) is given by
cosh4(r(0))
12
+
(
√
9 + |λ|2 − 2) cosh2(r(0))
60
+
|λ|2 − 3√9 + |λ|2 + 11
720
.

Remark 9. Unlike O1 and OP 1 cases, the formula of the limiting behavior of the
Brownian winding functional of OH1 is different from its counterpart of 4-dimensional
quaternionic hyperbolic space HH1. This is due to the fact that limit behaviour of the
Brownian winding in HH1 and OH1 are sensitive to the parameter of the correspond-
ing Bessel process, while in the first two cases, different parameters only give different
scaling.
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